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Abstract 
The Hub distance eigenvalues of graph G are the eigenvalues of the hub distance matrix of G, and the sum of all eigenvalues of the hub distance 
matrix of graph G is called the hub distance energy of the graph. In this paper, we obtain the bounds of the greatest eigenvalue of Hub distance 
energy of the graph, such as a connected graph, regular graph, and graph of diameter D. 
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Introduction 
In this paper, we consider the simple graph G on n vertices 
and m edges. The symbols  and  denote the maximum and 
minimum degree of G, respectively. 
The concept of energy was introduced by Gutman. Let G be a 
graph on n vertices and m edges, A denotes the Adjacency 
matrix of the graph G, 1, 2, 3,……….., n denote the 
eigenvalues of A. The energy of graph G is defined as the 
sum of absolute eigenvalues of the adjacency matrix of G. i.e.  
 

E(G) = . 
 
The concept of the Hub number was introduced by M. Walsh 
in 2006[1]. Suppose that H  V(G) and let x, y  V(G), An H 
path between x and y is the path where all intermediate 
vertices are from H. (this includes the degenerate cases where 
the path consists of the single edge xy or a single vertex x if 
x=y call such an H-path trivial). A set H  V(G) is a Hub set 
of G. if it has the property that, for any x, y  V(G)-H, there is 
an H – path in G between x and y, the smallest size of a hub 
set in G is called the hub number of G and is denoted by h 
(G)[1]. For more details on hub distance energy, see [1]. 
The distance matrix of G is defined as the square matrix 
Ad(G) of order n whose (i,j)th entry is the length of the 
shortest path between the ith and jth vertex of the graph. Let 

1, 2, ……, n be the eigenvalues of the distance matrix, 
then the distance energy of the graph is defined as the sum of 
absolute eigenvalues of the distance matrix of graph G. i.e. 
 

DE(G) = . 
 

The Minimum Hub Distance Energy of the Graph 
Let G be a graph on n vertices and m edges. Any hub set of 
graph G with minimum cardinality is called the minimum hub 
set. Let H be the minimum Hub set of graph G [1]. The 
minimum Hub distance matrix of graph G is the n  n matrix 
AH,d(G) = (ai,j),  
 
Where, 
 

ai,j =  

 
The minimum Hub distance eigenvalues of graph G are the 
eigenvalues of AH,d(G). The Hub distance energy of graph G 
is defined as the sum of the absolute hub distance eigenvalues 
of graph G. i.e. 
 

EH,d(G) =   (1) 
 
Theorem: Let G be a graph on n vertices and m edges. h(G) 
denotes the number of vertices in the minimum Hub set of G, 
then 1 

  [h+2m + 2D] where  is the greatest eigenvalue of 
hub distance matrix.  
Proof: Let G be a graph on n vertices and m edges. h(G) 
denotes the number of vertices in the minimum Hub set of G. 

1 is the greatest eigenvalue of the hub distance matrix. 
Let x denote the eigenvector.  
By the statement of Raleigh's principle  

 
 1(G)   
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1(G)   =  
 
Where 
 

D =   (2) 

 
  1(G)   

 
 Theorem:  
Let G is m regular graph on n vertices, then 

(G)  and equality holds if G is a 
complete graph.  
Where (G) is the greatest eigenvalue of the Minimum hub 
distance matrix of G. 
 
Proof: let G be an m regular graph on n vertices,  is the 
greatest eigenvalue of the Minimum hub distance matrix of G, 
i.e. AH,d (G). let x = (x1,x2,..xn)T be the eigenvector 
corresponding to .  
 
Take xi = min xk, k  v(G) and i  h(G) and xj = min xk k  
v(G) i  j, i  h(G) 
 
Consider AH,d(G)  
 

AH,d(G) x =  x 
 
For ith row, we have  
 

 xi
 =  xk 

 
Since the ith row of the minimum hub distance matrix of G 
contains (m+1), the ones & remaining entries are greater than 
or equal to 2. 
 

  xi  (m+1) xi + 2(n-m-1) xi = (2n-m-1) xi  (1) 
 
Similary for x j  
 

  xj
 =  xk 

 
Since the jth row of the minimum hub distance matrix of the G 
contains m one’s, 1 zero and remaining entries greater than or 
equal to 2. 
 

  xj  (m) xj + 2(n-m) xj = (2n-m) x  (2) 
 
Combining both equations, we get, 
 

 2 xi xj  (2n-m-1) (2n-m) xi xj 
 

   
 
Now If graph G is complete and all xi are equal, then  
 

 xi = (n-1) xi; therefore result holds. 
 
 
 
 
 

Theorem: Let G be a connected graph on n vertices having 
diameter D, then  
 

(G)   

 
Where  is the greatest eigenvalue of the Hub distance matrix 
of G. 
 
Proof: Let G be a connected graph on n vertices having 
diameter D, and  is the greatest eigenvalue of the Hub 
distance matrix of G. 
Let x=(x1, x2, x3……..xn)T be the eigenvector corresponding to . 
Take xi = max xk, i  h(G), and xj = max xk, i  h(G) 
Using definition of eigenvalue and eigenvector,  
 

AH,d(G) x =  x 
 
For ith row, we have  
  xi

 =  xk 
 

  xi  (di) xi + xi +2 xi +3xi+…+(D-1)xj + D[n-di-(D-1)] xi 
 
 = di xi +[ ] xi+ [D(n) –D(di)-D(D-1)]xi 

 
 = [Dn-  - di(D-1)] xi  (3) 
 
Analogously for xj  
  xj

 =  xk  
 

  xj  (dj) xj +2 xj +3xj+…+(D-1)xj + D[n - 1- dj-(D-2)] xj  
 
 = [Dn-  – 1- dj (D-1)] xj

  (4) 
 
From equation (3) and (4) 

2 xi xj  [Dn-  - di(D-1)] [Dn-  – 1- dj (D-1)] xi xj
  

 
 2  [Dn-  - di(D-1)] [Dn-  – 1- dj (D-1)] 

 
   

 
Replacing the degrees of by maximum and minimum degrees 
of the vertex. 
  

   

 
Theorem: Let G be a connected graph on n vertices and m 
edges having diameter 2. If 1 is the greatest eigenvalue of the 
Hub distance matrix of G, then 1  , Equality 
holds if G is a complete graph. 
 
Proof: Let G be connected graph on n vertices and m edges.  
The diameter of G is 2, and h(G) denotes the hub set of G. 
Case 1) If i  h(G) then  
The ith row of AH,d(G) consists of (di +1) one’s and (n- di -1) 
two’s. 
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Consider the all one vector x = (1,1,1……..1) by the 
statement of Raleigh principle, 

1    
 
=    
 
=   
 
=   
 
=  [2n2 -2m-n]  (5) 
 
Case 2) If i  h(G) then  
The ith row of AH,d(G) consists of di one’s, 1 zero and (n- di -
1) two’s. 
Consider the all one vector x = (1,1,1……..1) by the 
statement of Raleigh principle, 

1    
 
=    
 
=   
 
=  [ ] 
 
=  [2n2 -2m-2n]  (6) 
 
From (5) and (6) 
 

    1 
Now,  
If G is a complete graph then each row of AH,d(G) contains (n-
1) ones and 1 zero. 
 

 =   =  (n2 - n) = n-1. 
 
Which is the greatest eigenvalue of Hub distance matrix of the 
complete graph. 
 
Conclusion 
In this paper, we obtained the bounds of the greatest 
eigenvalue of Hub distance energy of the graph, such as a 
connected graph, regular graph, and graph of diameter D.
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