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Abstract

In this paper, we have derived some identities of Rogers-Ramanujan Type modulo 9s, 11s, 155 and 45s (where s is any finite positive integer) by
using the transformation theory of Basic Hypergeometric Series and Bailey Lemma. Some particular cases of such identities also have been
derived.
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1. Introduction
The most famous of the “Series = Product” Identities are:

For |g|<1,
0 qnz o0
= N # O,i 2
nz::; (4:9), 11 I-¢" (mod 5)
© qn2+n ©
= N $ O,il
nzz(; (qu)n ],;_:! I-¢ (mod 5)
Where

Which are known as the celebrated original Rogers-Ramanujan Identities and they have motivated extensive research work over the
past hundred years.

In the last century, W. N. Bailey ™, G.E. Andrews ¥, A. Verma and V K Jain (], and many others have extensively used the
Transformation Theory of Basic Hypergeometric Series to derive many Identities of Rogers Ramanujan Type.In this paper, we use
the techniques laid down by A. Verma and V.K Jain to derive some more identities of Rogers-Ramanujan Type which are not listed
in (1,

Throughout this paper, we assume |q| < 1 and, as customary, we define

(@q) =1
(@ q)y =[1F25(1 — ag"), forn > 1

and (& @)oo = [Ti=1(1 — ag").
It follows that

L. (@D
@ Dn = Cagm: )

The multiple g —shifted factorials is defined by

(a1, Az, veee e Qs O = (a1 D@25 P - (s P
(a1, @z, - s Do = (A1 P 0 (25 Do -+ - (A3 Do
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The Basic Hyper geometric Series is

n(n-1)r
“ e . . . n( q\or 2
(I) A1,Ag,5eennns aap+19an _i(abq)n(aZJq)n""<ap+l’q)nX ( 1) q
p+1 Yp+r - . . . .
bbby o (q,q)n (b, .q)n (bz,q)n ..... (bp+r,q)n
The series P*1 ¢p+r converges for all positive integers r and for all x. For r = 0,it converges only when | x|<1.

Jacobi’s Triple Product Identity: (See [3], (2.2.10) and (2.2.11))

2

(qu/z,z‘lql/z, 4G Dowo=2m=—w(—1)"2z"q 2, and its corollary is given by

o p, GRAOROED o n, k+Dn(n+1)-in @n+1)i
Zn:—oo(_l) q 2 :anﬁ (_1) ) q . (1_ q )
— H;O:O(l _ q(2k+1)(n+1))(1 _ q(2k+1)n+1)(1 _ q(2k+1)(n+1)—1) (11)

The following Lemma is due to W. N. Bailey: (See [1], (2.1.5))
If p is a non-negative integer, then

[ee)

2_
(ag; e ) a".q" "B,

n=0

(@7Piq); (-a)lq/U+D/2

[ 2_ j
@D; e yat.qv TP o (1.2)

_y0P
=¥,

Where

—yn 423
k=0 (g:)n-k@@:Dn+k

Bn
In this section, we begin by introducing the following transformations:
_ a3q3+2n
bx2y2
aq a aq a a
\/Z,_\/;, _q B _q s _q s _q T _q >_aqn+l s aql’l+1
b x x y

2 2
(@q%:q%), (zz—zz;qzj

a,q\a,~ga,b,x,—x, y~y,q¢" ~q7";q;
]0¢9

xzayza_ﬂ’_a_qz’q_zn;qz;qz

_ n b b
= . 1.3)
2 2 2 2 5¢s a2 2 (
2 q XY oy
(Mf ;qZJ {acf ;qZJ —ag—ag = g
x n y n
3\/_ 3\/_ 2 2 n_—ntl_—n42, 3,514 S
a,qg~Na,—q ~Na,x,xq,xq ,y,yq4,yq .4 .4 .4 -q ’—x3y3
19

3 2 3 2
\/Z,—\/Z, = 5 = )ﬂ, = 5 4 ’ﬂ,aq3+"’aq2+n’aql+"
X X X y y y

(agsq), | o i
), a*,00®,0°a*,x,y,q 3439
= . 1 1 1

6P| 1 1 1 1 Xy
aq . aq . a*,~a*,(aq)*,~(aq)*,~—~q"
¥ ,f] 7q a

(1.4)

Proof of (1.3)-(1.4): (See [1], Equation (1.3) and (1.6) respectively).
Multiple Series Generalization of Transformation (1.3): (See [1], (4.1)).

By induction on p, the multiple series generalization of (1.3) can be given in the form:

<214>


https://academicjournal.ijraw.com/

IJRAW

https://academicjournal.ijraw.com

p ., pt+2n

—ayq

a,ga~ga,b,x,~x,y,~y,(c, ).(d,)~q".q”"

b y? ad,..c, d,

2p+4¢2p+3 a a a a a a a
—\/_ .\/_ _q _q __q’_q,__q q q _ ql’l+1’aqn+l
X X y y (Cp 3) (dp 3)
2 2 aq
9 .5 —3q
(azqz;qz)n (xzyz q jn p_s c;d, . (CJ;Q)MJ;I (a’j;q)MH
= 2 2 . 'Zrl,rz,...rp_g Hj:l ’
adq .2 adq L2 aq. aq
2 4 2 4 —q d —q
N (¢:0), \ & ), \d; ),

- My_3(Mp-3+1)/2
GDMy—3 %0 Mp—3 05D My_3 (472507 y,_yaMP3MP34

2.2
a X -2n
_ (—q;q) [ L ;qu
(_ aqﬂq)sz,3 b M, \ 4 M

p-3

( a j __ae o) (e Y
. p? )\ be,d, b, d e,
1+M, 3 24M 5
2 2M 2 2M —aq - 2n42M, 5 2. 2
X q >V q > > »q N/
¢ b b
5%4

2 2.2
-3 -3 a 242M 5 X y
- a(] 5_aq P f] 5 P

b* a

—2n+2M, 5

Where M; =1, + 1, + -+ 1;, M_; = My = 0 and (ay y) stands for the (N — M + 1) symbols ay, Gpry1, -

write (ay) in place of (aLN).

Similarly the multiple series generalization of (1.4) can be given in the form: (See [1], (4.5)).

aa q3\/;a_q3\/;5 xa xqa xqza ya yq, yq25 (Cp—4 )7 (dp—4)7 q_na q

2p+4 ¢2p+3

—n+l

q

ﬂaq3 an aq aq3 aq3

3 2
\/Z,_\/Z, 4 5 4 s
X

b
X x Yy
3

aq aq ¢
(aq;q)n xy’q n p—4 cjdj 7 (c/;q3)M.
-1 9

. (dj ) q3 )M

Jj-1

’ y ’ y ,(cp—4)’(dp—4)’

. aq T2, Tp—4 H]' 3 3
_q.q .y aq .q3 aq .q3
x Y ( 3. 3) c. d ’

n n C] ’q -

J J
M;
3Mp_a(Mp—4+1)

(6D)3Mp_s Vi D3Mp_s (@ 5D3Mp_s (@0%0%) 201,40

Xy
q9";q
(aq;q)éMp,4 ( a lMﬂ

p—4 _3p-15
a
(@7 (s . g
p-adp-a Cpqd, 4Crd,
1 1 1
2 2M 2 2M, 2 2 2M,_ 3IM,_ 3IM,_ —n+3M ,_
3 4 3 4 3 4 4 4 4. .
y a‘q ",warq ",watq "U,xq "U,yq o "T,q o "Ti4q5q
1 1 1 1 1 1
675 - — —3M — —43M
3IM 3IM P4 -4 XY ni3M
2 p—4 2 -4 D D 2.2 p—4
a q ! ,—a (] ! ,a q ,—a q D !
a

-n+2, 3.

3+n 2+n
aq ,aq ,aq

3p—9+3n

a’q

b

1+n

4forp = 4 (w is the imaginary cube root of unity), and M; =1, + 1, + -+ 1, M_; = M, = 0.
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Main Results
2. Rogers-Ramanujan Type Identities Modulo 15s:
Replacing y by ig "andqby q°in (1.3) and then letting b, x — oo we find,

7k2s—ks
n (D% (1-q*%)adkqg 2
k=0 (45491 (a*q*5;:q*)n41(a*S:a* )k

_ 1 n quzk s
(-a2a25:a%%)2n “*=0 (425,025 (-aa%:a%) 21 (4*5:0* nk
2.1
The left hand side of Bailey’s Lemma (1.2) for a = a*, ¢ = ¢*%, @y = 1, @y, = 0 and,
k?s—k
_ DM@ gk T
% = @%9%)k  BIVES,
2 25 25 qin+ekgan Zs+6kZs+8nks—ap(n+k)s .
(@425 420 Biico Biteo vt —amrs —aisgisy > (UPON using (2.1)) (22)
The corresponding Right hand side of Bailey’s Lemma (1.2) for the same, yields
(q—4PS.q4S).(_1)ja4]'q2]'(]'+1)5 2 . _1)g3n S..,S _2ns @
4 4 )j o _4n (4n?-apn+snj)s (1)7a°7(aq”q )n-1(1-9"")q 2.3)
j=0 (@*%:9%%) n=0@ -4 ' (@%9%n ’
We equate (2.2) and (2.3) to get,
2 Zs Zs 4n+6kq4n 25+6k2s+8nks— —4p(n+k)s
a o
( oo 2= Lk=0" (25,025 L aq @
2¢_
p @S A g L C1ymaT aqsiq s -G 2 PO 2.4)
j=0 (@*5:4%); em=0 @%9%n ’
Setting a = 1 and then placing p = 0, 1, 2 successively in (2.4), we get the following Identities upon using (1.1):
q4—n25+6k25+8nk5
(4% )0 Lo Zic=o (@257 k(-0%0%)2k(4*%:a*)n
n 15n2s ns
_o(—1
@ qs) “@ana 2= (7 1"
:r[;'leﬁ, where n 20, 4 7s (mod 15s) 2.5)
s q4n 254+6kZs+8nks—ans—aks
(4% )0 Lo Zic=o (@257 k(-0%0%)2k(4*%:a*)n
© 1 © 1
gl LS Sl | by
Where n #0, + 3s (mod 15s) and n #£0, + 4s (mod 15s) respectively. (2.6)
and,
s q4n s+6k25+8nks—8(n+k)s
( q q )oo Zn Ozk O(qzs 1029 (—q%:a%) 2 (@450
0 1 1+q
:Hn=11_q [I7- 11 qn +1In= 11 qn
Where n #0, £ 1s (mod 15s), n 0, + 7s (mod 15s) and n #0 (mod 15s) respectively. 2.7
3. Rogers-Ramanujan Type Identities Modulo 9s: (where s is any finite positive integer)
Takingg = q%,b - 0,x — o0,y - oand a = a?in the transformation (1.3), we find,
n (_1)ka4k(a2qs;qs)k_l(1_a2q2ks)q(5kzs—ks)/2: n (~1)katkq 3k2s G.1)
k=0 (05a%)k(a%0% ) n-1(a*a5a% sk k=0 (425,42%)1(-a%a%) 2k (42%:4% In-k :
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The Bailey’s Lemma (1.2), fora = a*, g = q%°, ag = 1, a4+, = Oand,

(~1)katk (azqs;qs)k_l(1—a2q2ks)q(5k25_k5)/2
@%a5)k

a, = , gives (upon using (3.1)),

(_1)ka4n+8k 2n25+5k25+4nks—2p(n+k)s

q
(@%5:4%)k(=a50%)2k(a%5:0%5)n

(@*q*%; 4*) o0 Lo Xic=o

—2 2 i aj j(j+1) 9nzs—4pns+8njs—ns
_yp @52 (-1)Ja¥ U o (—1)"a® (a2 ¢55q5)n-1(1-0%4*™)q 2

j=0 (425:4%5); " 4n=0 (@50%)n

(3.2)

Setting a = 1 and then placing p = 0, 1, 2 successively in (3.2), we get the following Rogers-Ramanujan Type Identities after using
the Jacobi’s Triple Product Identity (1.1):

k,2n2s+5k2s+anks
=D"q

a2k (=a%0%)2k(a%5:0%5)n

1) ( q qs)ooZn OZk O(qzs

Yamo(=D™( + an)q(gn s—ns)/2

(q qs)
n ,(9n?s+ns)/2
@ qs) s 2n=—e(~1)"a
=[T7=, — where n 20, + 4s (mod 9s) (3.3)
1— n

(_ 1)kq2n2s+5k25+4nks—2ns—2ks

(@%5:4%)k(=a50%)2k(a%5:0%5)n

). (—9% 4% 0 Lm0 20

1 © 1
e | (3.4)

:H;O:1

Where n #0, £ 2s (mod 9s) and n #0, + 3s (mod 9s) respectively.

(_ 1)kq2n2s+5k25+4nks—4ns—4ks

(@%5:9%)k(=a50%)2k(a%5:0%5)n

iii). (—q% 4%) o Xn=o Lieo

T 1 1+q% © 1 oo 1
_anl 1-qn q2s anl 1-qn + Hn=1m
(3.5)
Where n #0, £+ 1s (mod 9s), n £0, £ 4s (mod 9s) and n Z0, £+ 0 (mod 9s) respectively.
1
For s = 1, taking a = qz, p = 0 in (3.2), we have the following:
) - . (_1)kq2n2+5k2+4nk+2n+4k - 1 0.+ 1 49 1.6
—q°; . — _ = = n s, L :
QUETIEPIPNE (@%a®)r(~a:0)2k(a%a%)n [T 1-q™ * (mod 9) (3.6)
Also, replacing y by x*/2q™™/2_ q by q* in (1.3) and then letting b — 0,x — oo, we find that,
5k2s—ks
n  D¥@E%aNk-1(1-ag*aqg 2 op (—1)kakq?k® K
k=0 (4%a%) k(2425025 ) n 41 (a%550% -k k=0 (425,425)1.(-aa%ia%)2k (@%5a%)nk
(3.7)
The Bailey’s Lemma (1.2) fora = a?, ¢ = q¢%5, ay = 1, a4, = 0 and,
k S.,S 2ksy 2k 5kZs—ks
— . - 2 . .
a, = S @T k-1 (mad” )aq , gives (upon using (3.7)),
@55k
» =2 k ,2n+4k ,2n%s+4k%s+4nks—2pns—2pks—ks
g, ZS)WZZ( DIl
= (07507 (=aq% 4%)2k (0% 4%
C o s (9n2s—4apns+8njs—ns)
_yP (@72P5,q%%); (-1)Ja? JUHDS _ - (—)at (aqSiq)no1(1-aq?™)g 2 (3.8)
j=0 (@%5029); en=o @%a5n '

Setting a = 1 and then placing p = 0, 1, 2 successively in (3.8), we get the following Identities:
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(_1)kq2n25+4k25+4nks—ks 1

S, oS © © _TToo
( q;q )00 ZTI:O Zk=0 (qZs;qZS)k(_qs;qS)zk(qZS;qZS)n Hn:l 1_qn’
3.9
Where n #0, + 4s (mod 9s)

(_ 1)kq2n2s+4k25+4nks—2ns—3ks

(@%5:4%)k(=a50%)2k(a%5:0%5)n

(o] (o] (o] 1 (o]
(9% 9°) 0 Xm0 20 :Hn=1m+ Hn:l_n (3.10)

1
1-q
Where n #0, £ 2s (mod 9s) and n #0, + 3s (mod 9s) respectively.

and,

(_ 1)kq2n2s+4k25+4nks—4ns—5ks

(@%5:4%)k(=a50%)2k(a%5:0%5)n

(=4% 4% oo Lin=o Zic=o

1

. 1 1+q2 1
| +q—2H%O=1_1_qn + H?f=1_1_qn

1-qn"

(3.11)
Where n #0 (mod 9s), n #0, + 4s (mod 9s) and n #0, +8s (mod 9s) respectively.

4. Rogers-Ramanujan Type Identities Modulo 11s:

Setting p =4,¢, =z,d; = —2,q = g°and then taking b — 0,x,y,z = o in the transformation (1.5), we get after some
simplification,

n (_1)k(aqs;qs)k_1(1_aq2ks)a3k q(7k25—ks)/2 n—r (_1)ka2k+2rqSrzs+8rks+2kzs—2ks+rs
=0 (@502 (@242

— [ee]
Lr=o Xk=0 (@545 (-a45:05) 274+ 21(A25:0% ) n—r—k

4.1)
The Bailey’s Lemma (1.2) fora = a?, ¢ = q¢%5, ay = 1, a4, = 0 and,

e 1)k(aqs;qs)k_l(l_aqzks)a3k q(7kzs—ks)/2
@%a%)k

a gives (upon using (4.1)),

(~1)kq2n+ak q(2n2+7r2 +4k2 —anr+4ark-2k+r)s—2ps(n-r+k)

(@*q%; 4*%) o Lm0 Li=o Lo

@%:a%)r(=2a%4%) 2r+2k(a%5:0%5)n-2r

_ C o s 2. .
(q Zps;qZS)j (_1)]a2]q](]+1)s o (_1)n(aqs;qs)n_1(1_aq2ns)a5n q(lln Ss—4pns+8njs—ns)/2
(qZS;qZS)j © 4n=0 @5:95)n

-5, 42)

Setting a = 1 and then placing p = 0, 1, 2 successively in (4.2), we get the following:

2472 k2 -
(_1)kq(2n +712+4k?—4nr+ark—-2k+1)s

—nS.- S [e] o] o]
(4% °)en Zno Lo Lic=o (@%a%)r(-a54%)2r+ 2k (A%54* ) n—2r

:H,"{Ll#, where n 20, + 5s (mod 11s) 4.3)

(_1)kq(2n2 +712+4k? —anr+ark—4k+3r—2n)s

—AS. S o] o] o]
( a9 )oo Zn:O Zr:O Zk:O @585+ (0595 27+ 2k(@%5:4% 27

o 1 o 1
gl L il | ¥y (4.5)
Where n #0, + 3s (mod 11s) and n #£0, £+ 4s (mod 11s) respectively.

and,

(_1)kq(2n2 +77r2+4k? —anr+4ark—6k+5r—4n)s

—aS-as © © o
( a;q )oo Zn:O Zr:O Zk:O @585+ (0595 27+ 2k(a%5:4% )27

1
1-q"

1 1+9% oo 1 ®
1-q" + q? Hn=1 1—q" + anl

=171
(4.6)
Where n #0, +1 (mod 11s),n #0, + 5s (mod 11s) and n #£0, +2s (mod 11s) respectively.
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5. Rogers-Ramanujan Type Identities modulo 45s: (where s is any finite positive integer)

Taking g = q°,x — o,y — oo in the transformation (1.4), we find that,

k 4k, 35,3 6k 27k%s=3ks k(35,3 k2
n (D%a**(aq>%q%)k-1(1-aq®Hg 2 —ym a®(aq®5a3%)g_1q""° (5.1)
k=0 (435:439)1(05:05)n-3k(aq5:05)n 43k k=0 (45:45)1(aq5:4%)2k-1(a5:45)n—k :

The Bailey’s Lemma (1.2) for ¢ = q°, ¢y = 1, @341 = 0 and,

ke X 27k?s—3ks
_ (D*a**(aq%$q3)_1(1-aq%)q 2

(qSS;q3S)k

sy gives (upon using (5.1)),

2 2y6
an+2k(aq3s;q3s)k_1q(n +2nk+2k“)s—p(n+k)s

a S; N o 00_ OO_
(@475 4%)e0 iz Lic=o (@5a9@aa)2k1 (@0

Zps. s o Jg+Ds 27n2s-3ns
a"P%4%); (-1Yalq 2 o (=D"a"™(@q*3q>)n-1(1-aq*™)q 2
(@%a%); - 4n=0 (@3%43n

+9nzs—3pns+6njs

(
=3,
(5.2)
Setting a = 1 and then placing p = 0, 1, 2 successively in (5.2), we get the following:

2 2
3s;q3s)k_1q(n +2nk+2k“)s

© o @ _TJ 1
Zn=0 Zk=0 (S a i@ 1=t mqne Where n 0, £ 24s (mod 435)
(5.3)

2 2y6—ns—
s.q3s)k_1q(n +2nk+2k“)s—ns—ks

Zoo Zoo (q3‘
n=04k=0" (45,45)k(a5:a%)2k-1(a5:45n

w 1 w 1
= Hn:l 1-q" + Hn:lm (54)
Where n #0, + 27s (mod 45s) and n #0, + 24s (mod 45s) respectively.

and,

2 2ys —
ZOO Zw (q3s;q3s)k_1q(n +2nk+2k“)s—2ns—2ks
n=0 &Lk=0

@%a)k(a%a%)2k-1(a%9%)n

1
1-qn"

1+9 1700 1 ™ 1
+ — 11—t 1
q Hn—l 1-qn Hn—l 1-qn (54)

=[7=1
Where n #0, +30 (mod 45s), n #0, + 27s (mod 45s) and n #0, +24s (mod 45s) respectively.
6. Some Particular Cases:

Taking s = 1,2,3, ... .... successively in the identities (2.5) — (2.7), we get many identities of the Rogers-Ramanujan Type modulo
15 and integral multiples of 15 in succession. For instance, if we put s = 1,2,3, .... in (2.5), it gives the following identities:

4n?+6k2+8nk

[ee) o [ee) 1
(74 Do Zn=o Zic=o (qz:qzq)k(—q:q)zk(q‘*:q‘*)n Il g where n #0, £ 7 (mod 15) ©.1)

gn2+12k2+16nk 1

2,42 oo oo q _TT
(=475 0 Zn=o Zic=0 gy Camgtroataa®n 1In=1 =g

12n2+18k2+24nk

+ . 3.3 o o q =TT 1 + '
Where n 0, + 14 (mod 30) (6.2) (—¢°>; §°) e Yomeo Lokeo AT @A, | S P where n £0, + 21 (mod 45) (6.3)

and so on.
For s = 1,2,3, .... in (2.6), it gives

an?+6k2+8nk—an—ak

(=@ D)o Enmo B0 7z

_Tqoo 1 oo 1
24 (-4 2k@*an gl 1-q™ *Iln= 1-qn (6.4)

Where n #0, + 3 (mod 15) and n #0, + 4 (mod 15) respectively.

8nZ+12k2+16nk—-8n—8k

2. .2 oo oo q —_ T 1 oo
—q% 9 Yol =T1%, — +[I%
(=% @%)en Zin=o ie=o (@%aMk(-a%4?)2k(a%4%)n M= 1-q™ M=

1
1-qn"

(6.5)

Where n #0, + 6 (mod 30) and n #0, + 8 (mod 30) respectively.
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and so on.

Similarly,varying s over 1, 2, 3, ...... in (3.3) — (3.5) and (3.9) — (3.11), we get Rogers-Ramanujan Type identities modulo
9,1827,......... onwards. Also, varying s over 1, 2,3, ...... onwards in (4.3) — (4.6) and (5.3) — (5.4) we get identities modulo 11,
22,33,......... and 45, 90, 135, ........ onwards respectively.
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