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Abstract

The main objective of this article is to introduce a new class of genearalised sets namely g p~ I —closed set in topological space with respect to
an ideal and investigate the relation between the set with other sets in ideal topological space and some of its basic topological properties and
characterization. Also we analyse relationship of these sets with some of the know closed sets are studied.
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Introduction

Topological space is a set endowed with a structure called a
topology. Ideals in topological space have been considered
since 1930. This topic has won its importance by the paper of
the paper of Vaidyanathaswamy ', This concepts has been
extended to the setting I-continuity of functions.

Jankovic and Hamlett [% 7! introduced the notion of I-open sets
in topological spaces. Abd EI-Monsef et al. B! further
investigate I-open sets and I-continuous functions. Dontchev
[ introduced the notation of prel-open sets and obtained a
decomposition of I-continuity. In addition to this, Caksu
Guler and Aslim 1'% have introduced the notion of b I-sets and
b I-continuous functions. An ideal on a set X is a non-empty
collection of subsets of X with heredity property which is also
closed under finite unions.

In this paper we introduce new class of generalized P~ 1
closed set in ideal topological space with respect to an ideal
and their properties.

Basics Definitions

In this section we summarize the definitions and results which
are needed in the sequel. By a space we always mean a
topological space (X, t) with no separation properties
assumed. If A € X, cl(A) and int(A) denote the closure and
interior of A in (X, 1) respectively. An ideal I on a topological
space (X, 1) is a non-empty collection of subsets of X
satisfying the following properties.

i). A€landBCS AimplyB €l

ii)). A€elandBelimply AUBEL

A topological space with respect to an ideal is denoted by (X,

7, I). Given a topological space (X, T) with an ideal I on X and
if g (X) is the set of all subsets of X, a set operator (.)*: ¢ (X)
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— p (X), called a local function of A with respect to I and t
is defined as follows: for A € X,

Ax(I,t)={x € XYA N U €/, for every U € 1 (x) }, where
1(x) = {U € 1/x € U } [l Note that cl*(A) = A U A* defines a
Kuratowski operator for a topology t * (I) (also denoted by if
there is no ambiguity), finer than t. A basis B(I, 1) for T * (I)
can be described as follows:

B(L,ty={U\NI:U€rtand I €1 }. B is not always a topology
131 ¢l*(A) and int*(A) denote the closure and interior of A in
(X, 1 *) respectively.

Definition 1.1. 1??!: An ideal I on a topological space (X, 1) is
a non-empty collection of subsets of X satisfying the
following properties.

a) A€landBS AimplyB €l

b) AelandBelimplyAUBEL

A topological space with respect to an ideal is denoted by (X,

T, I).

Lemma 1.2. 2% If A satisfies topological space (X, 1) then

i). int(A) S int(cl(int(A))) S cl(int(A)) S cl(int(cl(A)))
cl(A).

ii). int(A) € int(cl(int(A))) € int(cl(A)) S cl(int(cl(A)))
cl(A).

(]

(]

Lemma 1.3.: If A is a subset of a topological space (X, 1)
then

int(A) satisfies:[?!

a) int(A) C A.

b) int(int(A)) = int(A).

c) Aisopen iffint(A) = A.

Definition 1.4. "2I; A subset A of a topological space with
respect to an ideal (X, t, I) is called
1). I-openif A € int(A*).
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ii). [16] regular I-Open if A = int(cl*(A))
ii1). [6] Pre [-Open if A € int(cl *(A))

iv). [9] Semi [-open if A € cl *(int(A))

v). [9] al-Open if A C int(cl “(int(A)))

vi). [9] semi pre [-Open if A C cl(int(cl*(A)))
vii). [21] SI set if cl#(int(A)) = int(A).

Lemma 1.5. ?2I: For any subset A of an ideal topological
space (X, 1, 1), the following result hold.

a) slcl(A)= A U int(cl*(A))

b) plcl(A)= A U cl*(int(A))

¢) splel(A)= A U int(cl*(int(A)))

d) cl*(int(A U B)) = cl*(int(A)) U cl*(int(B))

Lemma 1.6. 2!l: Let (X,t,]) be a topological space with
respect to an ideal and A € X. If A € A*, then A* = cl(A) =
cl*(A).

Remark 1.7.: A is open if and only if int(A) = A and A is *-
open if and only if A = int*(A).

Result

Generalised PT closes set

Definition 2.1.: A subset A of a topological space with
respect to an ideal (X, t, I) is said to be generalised PI-

closed (briefly g p I-closed) if plcl(A) € U whenever A ©
U and U is bl-open.

Example 2.2.: Consider X = {a,b,c,d} with 1 = {X, o, {a, c},
{d}, {a, c.d}}. 1= {o, {c}, {d}, {c, d}}.

Theorem 2.3.: A Subset of a g p~ I-closed set is need not be g
p Iclosed set

Example 2.4.: Consider X = {a,b,c,d} with 1 = {X, o, {a, c},
{d}, {a, c,d}}. I = {0, {c}, {d}, {c, d}}. In this ideal space,
the set {b,c,d} is g p I-closed set but the subset {d} is not g p~
I-closed set.

Theorem 2.5.: Every Closed set is g p~ I-closed set

Proof: Let A be a closed set in X. Let A € U and U be bl-
open set. Since A is closed we have A = cl(A), cl(A) € U.
But pIcl(A) € cl(A) € U. Therefore A is g p~ I-closed set.

Remark 2.6.: The following example shows that the converse
of the above theorem is not true.

Example 2.7.: Consider X = {a,b,c,d} with 1 = {X, o, {a, c},
{d}, {a, c,d}}. I = {o, {c}, {d}, {c, d}}. In this ideal space,
the set {b,c,d} is g p'I-closed set but the subset {d} is not in
closed set.

Theorem 2.8.: Every Pre I-closed set is g p I-closed set

Proof: Let A be a pre I-closed set in X. We know that pre I-
closure of A is the smallest pre I-closed containing A.
Therefore plcl(A) € A. Suppose A € U and U is bl-open.
Then plcl(A) € U and U is bl-open. Hence A is g p I-closed
set

Remark 2.9.: The following example shows that the converse
of the above theorem is not true.
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Example 2.10.: Consider X = {a,b,c,d} with t= {X, o, {a, ¢},
{d}, {a, c,d}} = {0, {c}, {d}, {c, d}}. In this ideal space, the
set {a,b,d} is g p'I-closed set but not Pre I-closed set.

Theorem 2.11.: Every SI set is g p I-closed set

Proof: Let A be a SI-closed subset of X. Let A € U and U be
bl-open. Since A is SI-set we have A = cl*(int(A)) = int (A).
AcCU=int(A) Sint(U) S U=cl¥(int(A)) S U= AU
cl*(int(A)) € A U U =U = plcl(A) € U whenever A € U and
U is bl-open. Hence A is g p I-closed set.

Remark 2.12.: The following example shows that the
converse of the above theorem is not true.

Example 2.13.: Consider X = {a,b,c,d} with 1= {X, ¢, {a, c},
{d}, {a, c,d}}. I = {o, {c}, {d}, {c, d}}. In this ideal space,
the set {a,c,d} is g p I-closed set but not SI set

Theorem 2.14.: Every rl-closed set is g p I-closed set

Proof: Let A be a r I-closed subset of X. Let A € U and U be
bl-open. Since A is rl-closed we have A = cl*(int(A)) =
cl*(int(A)) € U and U be bl-open = A U cl*(int(A)) S AU U
and U be bl-open.

By Lemma 1.5 (ii) we have plcl(A) € U whenever A € U and
U is bl-open. Hence A is g p I-closed set.

Remark 2.15.: The following example shows that the
converse of the above theorem is not true.

Example 2.16.: Consider X = {a,b,c,d} with t = {X, o, {a, c},

{d}9 {an Cad}}' I= {(p9 {C}, {d}a {C9 d}athe set {aab} iS g p_I_
closed set but not rI-closed

Theorem 2.17.: Every a I-closed set is g p I-closed set

Proof: Let A be a a I-closed set in X. We know that every a
I-closed set is prel-closed set. By theorem 2.8, A is g p~ I-
closed set

Remark 2.18.: The following example shows that the
converse of the above theorem is not true.

Example 2.19.: Consider X = {a,b,c,d} with t= {X, o, {a, ¢},

{d}, {a, c,d}}. I = {o, {c}, {d}, {c, d}},the set {a,d} is g p'I-
closed set but not o I-closed set.

Remark 2.20.: Every semil-closed set is g p I-closed set but
converse is not true

Example 2.21.: Consider X = {a,b,c,d}, T = {X, o, {a, c},
{d}, {a, c,d}}. I = {o, {c}, {d}, {c, d}}, In this ideal space,
the set {a,c,d} is g p I-closed set but not Semi I-closed set

Theorem 2.22.: Every semipre I-closed set is g p I-closed set
Proof: Let A be a semipre I-closed set in X. We know that
every semipre I-closed set is pre I-closed set. By theorem 2.8,

Ais g p I-closed set

Remark 2.23.: The following example shows that the
converse of the above theorem is not true.
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Example 2.24.: Consider X = {a,b,c,d}, T = {X, o, {a, c},

{d}, {a, c.d}}.
I={o, {c}, {d}, {c, d}}, the set {a,b,c} is g p I-closed set but
not spl-closed set.

Remark 2.25.: g pl-closed set and prel-closed sets are
independent to each other as seen from the following example

Example 2.26.: Let X = {a, b, ¢, d} 1= {X, o, {a, c}, {d}, {a,
c,d}}. Let I = {o, {b}}. Clearly the set{a,b,d} which is g p'I-
closed set but not prel-closed set.

Theorem 2.27.: If A and B are g pI-closed sets in (X, T,
I) then AUB is also gpI-closed set

Proof: Let A U B € U where U is bl-open in X. Then
A <€ U and B € U.Since A and B are g pl-closed set,
then plcl(A) € U and plcl(B) € U and so plcl(A) U
plcl(B) € U. Since A€ Uand B € U

Hence A LU B is gpl-closed set.

Remark 2.28.: The intersection of g p I-closed sets need not
be g p I-closed set as shown in the following example

Example 2.29.: Let X = {a, b, ¢, d}, 1= {X, ¢, {a, ¢}, {d},
{a, c,d}}. Let I = {0, {b}}. Clearly the set{a,b,d} whichis g
p I-closed set but not prel-closed set. Let A = {a,b,c} and B =
{a,c,d} AnB={ac} notin gp I-closed set.

Theorem 2.30.: Let A be an g p I-closed set of (X, 7, ) and A
c B c plcl(A), then B is g p I-closed set in X.

Proof: Let B c U, where U is bl-open in X. = B € plcl(A) =
plcl(B) c plcl(pIcl(A)) = pIcl(A). Since A is g p~ I-closed set
and A c U, plcl(A) € U. Therefore plcl(B) S U= Bis gpl-
closed set.

Theorem 2.31.: If A is prel-closed and cl * (int (A)) is open
then A is g p I-closed set

Proof: Let A € U and U be bl-open.

1). Since A is prel-closed and by Lemma 2.8

ii). A U cl * (int (A)) € U. ie) plcl(A) € U whenever A € U
and U is bl-open. Hence A is g p I-closed set.

Theorem 2.32.: For every point x of a space X, X \ {x} is g
p I-closed set or bl-open

Proof: Suppose X \ {x} is not I-open. Then X is the only bl-
open set containing X \ {x}. = plcl(X \ {x}) € X. Hence X \
{x} is g p I-closed set in x.

Theorem 2.33.: If A is g p'I-closed set then pIcl(A) \ A does
not contain a non-empty bl-closed set

Proof: Suppose A is g p I-closed. Let F be a bl-closed subset
of pIcl(A) \ A. But A is g pI-closed set and since X \ F is bl-
open, we have plcl(A) € X \ F. Therefore F ¢ X \ plcl(A).
Since F € plcl(A), we have F € (X \ plcl(A) N pIcl(A) = ®).
=>F=oe¢.

Therefore pIcl(A) \ A does not contain non-empty bI-closed.
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Theorem 2.34.: If A is g pI-closed set and if A € B ©
pIcl(A) then

i). Bis gpI-closed set

ii). plcl(B) \ B contains no non-empty g p I-closed set

Proof:

i). Given A € B € plcl(A). Then plcl(A) = plcl(B). Suppose
that BC U and U is bl-open. Since A is g p I-closed and
A C B CU,plcl(A) € U we have plcl(B) € U. Hence B
is g p I-closed set.

ii). The proof follows from Theorem 3.31.
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	Proof: Let A  B ⊆ U where U is bI-open in X. Then A ⊆ U and B ⊆ U. Since A and B are g pˉI-closed set, then pIcl(A) ⊆ U and pIcl(B) ⊆ U and so pIcl(A)  pIcl(B) ⊆ U. Since A ⊆ U and B ⊆ U

