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On the Inequality for Arctangent Function
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Abstract

The arctangent function is commonly used in solving problems involving angles in trigonometry, as well as in applications like robotics,
computer graphics, and signal processing. It provides a way to convert between angular measures and the ratios of sides in right triangles,
making it a fundamental tool in mathematics and science. This research paper provides a sharp lower bound for the arctangent function

tan'x. Also, at the same time, upper bound of same kind obtained, and hence obtained a double inequality.
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Introduction
Masjed-Jamei[5] established an inequality given by (1.1), in his paper, he proposed an upper bound of special type which is a ratio

of x » sinh™ x and /1 + x7. In [3], Chesneau and Bagul corroborated reverse trigonometric inequality in an attempt of obtaining
lower bound. By combining the upper and lower bounds in [5] and [3] respectively, we get the following inequality

sinx - sinh™ ' x ol . ¥ -ginh ™t x e
_— <ttty < | —

Also, the simple efficient bounds provided for arctangent function by Bagul and Dhaigude[2], depicted in the following:
In| p— )
Theorem 1([2], Theorem 4): Let x € (0.1) where A € (0, 0). Then the function glx} = m is strictly increasing if a = 1.
In particular, we have following several inequalities
1+ ax®) <tan'x < x(1 4 ax?¥ (1.2)
n(2R4) _
with the best possible constants n = PRCSrETY and £ = —1/3a.
In their paper, they have claimed that the sharpest inequality of the kind (1.2) is observed at & = 1 which is given below.
21+ ctantr < x(1+ 2342 =0 (1.3)

In this paper, the refined bounds are provided which refines the lower bounds given by inequalities (1.1) and (1.3). The detailed
development and discussion will be given in the next section.

Main Result and Discussion
Theorem 2: The following inequality holds true

*Corresponding Author: Sumedh Bhaskarrao Thool <131>




IJRAW https://academicjournal.ijraw.com

n By

3x-
xl1l4+—
w2

for the best possible constants b = —w/9 and b; =

352y
=:tar1'L.r=:.r(1+—:] ix =10
T (2.1)
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ol —= where a € (0,%0),
nl1+35-

-

To prove above theorem, we need some lemma that we have discussed below.

First we write down the highly used and utilized lemma in the field of mathematical inequalities i.e. L’Hopital Rule of Monocity,
whose statement is as follows:

Lemma 1[1, 8]: Let r.s: [m.nl = R be two continuous functions which are differentiable on (m.n) and s' # 0 jn (m,n). Ifr'[s'
rlxl—riml rlel-rini

is increasing(or decreasing) on (. 1), then the functions T yp— and p— also increasing(or decreasing) on (m.n). If’

r' 5" is strictly monotone, then the monotonicity in the conclusion is also strict.

Lemma 2: The real valued function
wgled = —mwx® —3x* + 271 + %) (tan 1 x)* — (tan " x)(mx + (3 — 3D + 3x%) is negative decreasing on (0.,

Proof: Differentiating five times the above function x4 (x), we get following
15x% + (57 + 9)x® + 3mx

x;{x] = — 1122 +8mx(l + x"MWtan "t x)* + (3w + (0 — 5w)x”® — 15x* M tan~* x),
60x% + (10w + 90)x* + (14w + 18) x° . .
xg (x) = — EPSE +8m(1 + 3x")tan™ " xFF + ((18 + 6m) — 60x%)(tan "' x).
£2)2

(2] 180x7 + (462 — 6w)x® + 34827 + (227 + 18)x .

Ky (x) = — - = + 48mx(fan L x)°
(1+x2)3
((227 + 18) + (547 — 162) x — 180x*)(tan~ 1 x)
+ 14 x° '

And

@ (1) 360x% £ (1320 — 487) x% + (1752 — 1607)x* + (1080 — 208x) x*°
T (1 +x2)3

(360x% 4+ (720 — 96m)x? 4+ (360 — 160w)x) (tan~t x) .
- 3 0 + 48r{tan~t x)°,
(1 +x2)"

5l x
?{E I:_r:l =—{1 -|—_r:]! ?{7':.1'].
Where

) 360x% + 1680x% + 3072 % + (1027 + 1968)x% — 576% + 2520 N (360x% + 1080x* + 360 — 256m) - tan~ ' x
- = .

(142207 x

By doing elementary calculations and by using tan™" x < x in #;{x) , which results into a polynomial with positive coefficients as
follows

wglx) = 360" + 2160 %% + 5280 x° + (6672 — 256m)x* + (3768 — 3207 ) x* + 2880 — 8327,
]

Since, every coefficient of above polynomial xglx) is positive, the graph of it lies above x-axis in the plane and hence it is
positive on (0.9} i.e. xglx) = 0,vx € (0,00).

v wolx) = 0,vx e (0, ).
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By using elementary calculus, we have

x, < 0.vxe (0,0}, wherei=123.,45.

Hence, ¢ (x) is negative decreasing on (0, o).

1

P
'|u|.|--‘"'__-"-|
Lemma 3: The function x(x) = PPy J_-:_,h.:mI is strictly decreasing on (0. o).,
nfl+—
|1+
tan~tx

Proof: Denote #, (x} = ln{ ) and r. (x) = ln(l + sTr) and the right hand limits at 0 are given by &, (0 +} = 0 = x, (0 +).

X
Differentiating these functions, we get

rylx)

1
(%) Ex;{x].

_Im+m?llx—(1+2® ) tan~tx) _ wylx)

Where # (x) say.

22 (1+x2)tan~1x T gl
We will show the numerator N, of x3(x) is negative, which will result in &3 (x) is decreasing on (0. ¢}
Now, N, (x} = xz - xy — x, - 5z = x - x5(x), where

kglo) = —mx® — 3% + 21l + 7)) (tan 1 ) — (tan ' x)mx + B — 302 + 325),
So, N, (x) < 0, only if xz(x) < 0, because * = 0 as x € (0, 00).
By Lemma 2, x5 (x) is negative decreasing on (0.2},

AN () = 0,wx € (0,00)
Sxslx) < 0,vwx € (0,0)

Hence, in &3 (x) is decreasing on (0, o).

r
Ky lxd . .

So, = is decreasing on (0. o2}
K5 [X])

Ky lxl—ky (0+])

Therefore, by L’Hopital Rule of Monocity given in Lemma 1, we have is also decreasing on (0.%2). But,

%, (0 +) = 0 =x, (0 +) is already with us.

Kp Ll =Kz (0+])

(an~! 2
Ky lxl n —) . .
T 1 ] = T g3y IS decreasmgon I:.-':]-'::"'3]-

Kz lx In[1+=

So

we g
e — 1 %
Eim —x
In| =——=]
v oo

ar2y > Sady.

Proof of Theorem 2: To prove the inequality, we form a centralized function x(x) = ol |
nl+—7

a2
Lin X
In|=——=|

Now, we must show that this function is strictly decreasing on (0.22). So, by above Lemma 3, the function & (x) = ”—ln; is
nl+—s
strictly decreasing on (0. o2},
Hence, for & € (0.%), we have (0 +) = x(x) = x{a—).
1u[—‘““;' 2]
The proof of theorem completes with the limits, b, = x(0 +) = -7 /9 and b, = xla —) = W
n|l+—
Remark: For & = =, we get the following inequality
]ul'tnu" T
352\ Tl 3T 33\ "*
x(1+—_) d:1;:1r1'L.1r:=.1.1r:(1+—,.) s x> 0
e " (2.2)

<133>


https://academicjournal.ijraw.com/

IJRAW

This inequality is of our special interest.

Conclusion

The inequality obtained in (2.1) provides an upper bound
which is uniformly sharper than that of the upper bound in
(3.1) on (0.%=). Hence, we disprove the claim in . The
lower bound in inequality (2.1), precisely given in (2.2)
refines the lower bound given by Masjed-Jamei inequality
(1.1) on (0. m), also it refines the lower bound in (1.3) on
(0.7,
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