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Abstract

This paper presents a rigorous study of thermal stresses induced within biological human tissue during exposure to severe external thermal
environments. Drawing directly from Cauchy’s fundamental stress principles and the generalized equations of thermoelasticity, we map how
thermal gradients translate into structural mechanical loading within living tissue systems. To describe the underlying spatiotemporal temperature
distribution, we apply the classical Pennes' Bioheat Transfer Equation (PBTE), which models tissue heat conduction alongside blood perfusion
and metabolic heat generation. The mathematical governing equation is solved analytically using the method of separation of variables under
standard physiological and boundary conditions. A complete mechanical analysis is then coupled to the thermal solution via Duhamel-Neumann
constitutive relations to compute the induced Cauchy thermal stresses. Quantitative profiles indicate that rapid external heating creates highly
localized, compressive thermal stress gradients near the skin surface, presenting a high risk for irreversible thermal injury. The results emphasize

the critical role of blood perfusion as a thermal sink and pressure stabilizer.
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Introduction

The study of heat transfer and subsequent mechanical
deformation in biological systems—commonly referred to as
bio-thermoelasticity—is  vital to modern biomedical
applications [ %), When human skin or organ tissues are
exposed to high-temperature fields (such as laser surgeries,
hyperthermia cancer therapies, or extreme fire safety
conditions), severe spatial temperature gradients develop
rapidly > !9 Because biological tissue is physically
constrained by adjacent anatomical structures, non-uniform
thermal expansion occurs, inducing significant internal
mechanical forces known as thermal stresses 2.
Understanding the precise limits of these thermal stressors
plays an instrumental role in clinical risk assessment. For
instance, in laser dermatological ablation, precise modeling
ensures targeted destruction of abnormal cells while
safeguarding neighboring healthy tissue clusters [ 4],
Similarly, in hyperthermia treatments designed to eradicate
malignant tumor regions, maintaining a strict thermal threshold
between 42°C and 45°C is paramount; exceeding this threshold
causes rapid healthy tissue necrosis, while falling short leads to
incomplete therapeutic efficacy > '3, The mathematical
prediction of these delicate margins requires coupling
advanced thermodynamics with structural mechanics.

To design a mathematically rigorous representation of these
living multi-phase systems, two foundational engineering
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frameworks must be seamlessly integrated:

1. Pennes’ Bioheat Transfer Equation (PBTE)
Formulated by Henry Pennes in 1948, this framework tracks
heat moving through living tissue by incorporating metabolic
heat generation and volumetric microvascular blood perfusion
4. While traditional classical Fourier conduction captures
simple molecular heat diffusion based on thermal gradients,
living systems possess internal thermodynamic features that
alter macro-scale responses 13, The continuous movement of
arterial blood through a complex capillary bed functions as a
distributed heat sink or heat source depending on the ambient
tissue temperature, which stabilizes rapid spikes [ 39,
Concurrently, continuous internal metabolic activity produces
a baseline volumetric heat field that maintains resting
homeostasis 281, Recent modifications explore multi-phase
porous media models to capture how fluid-solid micro-
interactions govern local thermal storage 121,

2. Cauchy’s Continuum Mechanics

This framework provides the core formulation to establish the
stress tensors, structural equilibrium equations, and
thermoelastic  relationships  that govern  mechanical
deformation resulting from localized temperature changes.
Biological tissues are fundamentally compliant but behave as
solid continuums under rapid external stressors [''l. When
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localized high temperatures trigger non-uniform expansion
within bounded deep muscular structures, a structural
mismatch occurs 9. According to Cauchy’s stress principles,
this spatial volume change generates a multi-axial state of
internal mechanical strain, leading to severe compressive
pressures in the heated zones ['* 23],

By connecting the parabolic differential field of Pennes'
bioheat transfer model with the generalized Duhamel-
Neumann stress-strain constitutive relations, we establish a
closed-form coupled biothermoelastic continuum model [©.
This paper expands upon previous works by developing a
comprehensive, one-dimensional analytical model of a tissue
continuum under sudden, elevated contact thermal loading. We
derive the exact spatiotemporal temperature field explicitly and
use it to compute the resulting Cauchy thermal stresses under
standard, physiologically accurate boundary conditions.

Mathematical Modeling and Governing Equations

The Thermal Domain: Pennes' Bioheat Transfer Equation
Consider a homogeneous, isotropic biological tissue layer
modeled as a one-dimensional continuum of thickness L, where
x = 0 represents the outer surface exposed to an external heat
flux, and x = L represents the core body boundary. The
transient heat transfer inside this tissue domain is governed by
Pennes’ bioheat equation:

T (x,t) 0%T(x,t)
pc =k

at Ox2 — PpCpWp [T(x! t) - Tb] + Qm

Where the physiological and physical parameters are defined
as:

T(x,t): Absolute tissue temperature (°C) at depth x and time
t.

p, ¢, k: Density (kg/m?), specific heat capacity (J/kg - °C),
and thermal conductivity (W /m - °C) of the tissue.

Pp Cp, Wp: Density, specific heat, and volumetric perfusion
rate (s~ or m3/m3 - s) of blood.

T,: Arterial core blood temperature, maintained naturally at
37°C.

Q. Metabolic heat generation rate per unit volume (W /m?3).

To streamline the mathematical evaluation, we introduce a
shifted temperature variable representing the deviation from
the core body baseline:

0(x,t) =T(x,t) — T,

Substituting 6 (x, t) into the governing equation yields:

oT (x,t) . 02T (x,t)
Tt T ok

p — ppCpwp0(x,t) + Qp,

Dividing through by k allows us to express the equation in
terms of thermal diffusivity a = %, we have

aT(xt) 0*T(xt) . Qn
o T ez POt
PbChWh

here p? =
capacity of blood perfusion.

characterizes the structural heat-sink

The Mechanical Domain: Stress and
Thermoelastic Equilibrium

According to Cauchy’s first law of motion, under static or

Cauchy
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quasi-static conditions where inertial forces are negligible, the
structural equilibrium equation for a continuous medium
requires that the divergence of the stress tensor vanishes. In our
one-dimensional formulation, the structural equilibrium
reduces to:

where o, is the normal component of the Cauchy stress tensor
along the depth axis. For a tissue slab constrained against
bending and lateral expansion (uniaxial strain condition where
&yy = &,; = 0, the total mechanical strain component along the

.. ou . .
X-axis is &gy = -, where u(x, t) is the structural displacement

vector.

The Duhamel-Neumann generalized Hooke's Law couples the
thermal and structural domains. The lateral components of the
Cauchy stress tensor (o,, and g,,) generated due to the
restriction of lateral thermal expansion are given by:

Ea,

yy = —7——[T(x, ) — To]

Oyy = Oy =
1—-v

yy
where:

E: Young's Modulus of the biological tissue (Pa).

v: Poisson’s ratio (dimensionless).

a,: Coefficient of linear thermal expansion (1/°C).

T: Initial uniform baseline temperature of the tissue (37°C).

Because the tissue can expand freely in the normal direction
(x-axis) at the outer surface boundary, the normal stress
remains stress-free (oy, = 0). Thus, the lateral Cauchy
thermal stresses oy, are directly proportional to the localized
temperature field.

Boundary and Initial Conditions

To evaluate a realistic, high-exposure clinical or accidental
scenario, we implement standard physiological and boundary
constraints.

Initial Condition

The tissue is assumed to be at a uniform physiological
equilibrium temperature equal to the arterial core before
exposure:

T(x,0) =T, = 0(x,0) =0

Spatial Boundary Conditions

At the surface (x = 0): The skin is subjected to a constant,
sudden external thermal heat flux g, (e.g., from a direct contact
laser or radiant source):

k(@T) o — (66) Qo
0x)yeo o 0x)yeo  k

At the deep core boundary (x = L): The tissue merges into
the deep core musculature and systemic circulatory network,
stabilizing its temperature at core body baseline:

T(L,t) =T, = 6(L,t) =0

Methodology and Solution of the Governing Equations

We apply the analytical method of separation of variables
combined with the principle of superposition. Because the
differential equation contains non-homogeneous terms (Q,,
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and the boundary flux q,), we decompose the temperature field
into a steady-state solution v(x) and a transient solution
w(x, t):

0(x,t) = v(x) + w(x,t)

Solving for the Steady-State System v(x)

The steady-state component must satisfy the time-independent
parts of the differential equations and boundary parameters, we
get

dz‘l?(x) _ Bz (X) +Q_m =0
k

The boundary constraints for v(x) are:

dv(0) _ _Q
dx k'’

v(L)=0

The general solution to this ordinary differential equation is:

v(x) = C; cosh(Bx) + C, sinh(Bx) + I?ﬁz

Applying the boundary condition at x = 0:

dv(0) 9o Qo
do =GP —_72"62 = TkB
Applying the boundary condition at x = L:
v(L) = C; cosh(L) — —smh(L) +— O =0
kp kp?
1 Om
=6= cosh(L) Lk _ﬁs nh(L) = kp?

Thus, the exact steady-state analytical solution v(x) is fully
determined.

Solving for the Transient System w(x, t)

The transient component w(x, t) maps the remaining dynamic
thermal changes. It satisfies the homogeneous governing
differential equation:

low 2°w
a ot 9x>

—ﬁZW

Subjected to completely homogeneous boundary conditions:

ow
(_> =0, w(Lt)=0
ox x=0
We assume a product solution form w(x,t) = X(x)W(¢t).
Substituting this into the transient relation yields:
1 do(t) _ 1 d*X(x) _pro g
ad(t) dt X(x) dx?

where &2 represents the separation constant. This splits into
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two coupled equations:

Temporal Equation: % +a(f2+ D =0= d(t) =
a2 +62)t

Spatial Equation: ZZT;( +&2X=0
The general solution for the spatial profile is:
X(x) = Acoséx + Bsinéx
dxX(©) _ . 9X©

Applying the boundary condition o = o
0 =B=0

= Bd =

Applying the boundary condition X (L) =

1
X(L) =Acos(®PL) =0 = d,L = (n—z)n = o,
2n-Dm
= =123, ..
2L "
The total transient solution is written as the infinite series
summation over all n gives:

w(x,t) = z A, cos(é,x) e—a(&n”+B%)t

n=1

Evaluation of Coefficients
To find 4,, we apply the initial condition. Att = 0:

0(x,0) =v(x) +w(x,0) =0= w(x,0) = —v(x)

D Ay cos(,) = —v(@)
n=1

Using the orthogonality property of the cosine functions over
the domain [0, L]:

2 L
2 =1 [ e cos( ax

Evaluating this integral analytically yields the Fourier
coefficients A,,:

— qo n+1
An_ L(E +ﬁ2)[ ( 1) fnkﬁz

Combining the equations of v(x) and w(x,t) gives the
complete analytical formulation for the internal temperature
distribution:

T(x,t) =T, + v(x) + Yooy A, cos(é,x) e—a(En+A%)e.

Standard Physiological Conditions and Baseline
Parameters

To evaluate the mathematical model, we utilize standard
properties of human skin tissue layers established in clinical

literature:
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Table 1: Standard Physiological Conditions and Baseline Parameters

Parameter Symbol|Standard Value Units
Tissue Density p 1180 kg/m3
Specific Heat (Tissue) c 3300 J/kg - °C
Thermal Conductivity k 0.5 W/m-°C
Blood Perfusion Rate wp 0.0005 st
Blood Density Db 1060 kg/m3
Specific Heat (Blood) cp 3800 J/kg - °C
Metabolic Heat Rate Qm 400 W /m?
Young's Modulus E 2.0 x 10° Pa
Poisson’s Ratio v 0.45 Dimensionless
Thermal Expansion Coeff.| a; 1.0 x 107* 1/°C
Slab Structural Thickness L 0.01 m
Applied Heat Flux Qo 5000 W /m?

Temperature Profiles and Cauchy Thermal Stresses

Using the parameters from above Section, the transient
temperature distribution and resulting lateral Cauchy thermal
stress (O'yy) can be plotted over the tissue depth.

Temperature Distribution Graph
The chart below illustrates the tissue temperature decay
moving inward from the exposed surface (x = 0) to the core
body tissue (x = 0.01 m) across different elapsed time frames
(t =10s,t = 60s, and soon ...)
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Cauchy Thermal Stress Distribution Graph

Because the tissue expands against its constraints, compressive
stresses develop where temperatures are highest. In continuum
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Discussion and Analysis

The analytical model reveals that external thermal loads
generate steep, localized temperature spikes near the surface
interface (x = 0). Because biological tissue has a low thermal
conductivity (k = 0.5W/m-°C), heat penetrates slowly,
keeping the thermal energy concentrated in the outer layers
during early time steps (t = 10s). This non-uniform
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temperature distribution triggers corresponding localized
lateral Cauchy stresses (ayy). At the surface, the compressive
stress approaches —50 kPa at steady state. Stresses of this
magnitude can alter microvascular structural networks,
collapse local capillaries, and accelerate tissue mechanical
breakdown or blistering. The model also defines the role of
blood perfusion (w,). Mathematically, the term 260 acts as a
linear thermal regulator. Higher perfusion rates carry away
excess heat, lowering both peak temperatures and the resulting
compressive thermal stresses.

Conclusion

This study integrated Pennes’ Bioheat Transfer Equation with
Cauchy’s continuum mechanical principles to evaluate thermal
stress development in human tissue. We derived an exact,
closed-form analytical solution using the method of separation
of variables under standard physiological boundary conditions.
The findings show that rapid external heating creates severe,
localized compressive stresses near the skin surface. These
stresses pose a substantial risk for mechanical and structural
tissue damage well before the heat fully penetrates the core
body layers. Incorporating these coupled thermal and
mechanical stress profiles is essential for improving the
precision of medical procedures like laser therapies and

optimizing protective equipment for extreme thermal
environments.
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